SUMMARY: A special case of the generalised Schuster density law for stellar systems with spherical symmetry is discussed; here the exponent in the denominator is equal to i/2 where i is a positive integer. Special attention is paid to the situation 2 ≤ i ≤ 5 since then the mass distributions in almost all approximately spherical stellar systems and subsystems known to exist -e. g. dark coronae of galaxies, bulges and halos of spiral galaxies, as well as the systems with the classical Schuster density law -are included. With certain improvements one can also obtain more ample variants including the density continuously attaining zero at a finite radius, somewhat different descriptions of the mass distribution, as well as generalisations towards axial symmetry. It is shown among others, that a spheroid with this mass distribution (i = 4) yields the same total mass as the exponential disc and that the mass distribution proposed by King belongs asymptotically to the generalised Schuster density law (i = 3).
INTRODUCTION
The spherical symmetry as the most simple has been often used for the purpose of describing various stellar systems and subsystems. There are many examples: globular star clusters, dwarf ellipsoidal galaxies, bulges, halos and dark coronae of spiral galaxies, etc. In the case of observable systems various empirical formulae describing the mass distribution have been proposed: King's formula (King 1962 -formula (14) ), the de Vaucouleurs formula (e. g. Binney and Tremaine 1987 -p. 21, (1-13) ), the Hubble-Reynolds formula (e. g. Binney and Tremaine 1987 -p. 21, (1-14) ), the SellwoodSanders formula (1988 -formula (1)), etc. On the other hand the dark coronae (or halos) of spiral (and not only spiral) galaxies are also thought to be nearly spherical (e. g. Trimble 1987 ) and for them a suitable formula has been also found (e. g. Antonov et al. 1975) .
In the case of empirical formulae some mathematical difficulties have been frequently met, for example the impossibility of obtaining an analytical solution for the space density (e. g. Hubble-Reynolds formula and de Vaucouleurs one) or the impossibility of solving the Poisson equation for the potential analytically (King's formula) . For this reason alternative formulae for the space density yielding a relatively good agreement with the given empirical ones, have been proposed. As a good example one may mention Hernquist's (1990) formula offering a satisfactory substitution for the case of the de Vaucouleurs empirical formula.
In the present paper a special class of density formulae, very simple for use from the mathematical point of view and also realistic, will be discussed.
THEORETICAL BASE
Let the density within a spherically symmetric stellar system be given by means of the following formula
This formula is usually referred to as the generalised Schuster density law (e. g. Lohmann 1964 ). As well known, its special case -β = 5 2 -is the classical Schuster law (also often called Plummer-Schuster law) proposed by Schuster in studying the polytrope gas spheres (e. g. Ogorodnikov 1958 -p. 460 ) and introduced by Plummer (1911; 1915) in stellar astronomy. It should be added that if β exceeds 3 2 , the radius within which formula (1) is valid may be infinite. However, in the case β ≤ 3 2 , unless the system volume is finite, the resulting total mass will be infinite.
Mass distribution (1) has certain properties which make it suitable for use. Some of them were already mentioned by Veltmann (1968; 1979; 1981) .
First and not mentioned by Veltmann, due to the quadratic term in the denominator density function (1) has a maximum at the centre. Moreover it the first density derivative is negative, i. e. the density, itself, decreases. In this connection the second density derivative is negative in the central parts, but at higher distances it changes the sign. Such a behaviour of the density function can be clearly seen in corresponding plots (e. g. Bouvier, 1962) .
Besides, the presence of this quadratic term simplifies obtaining the surface density and the mass within a given radius r. For example, if β exceeds 3 2 , the expression for the surface density can be obtained analytically for any β as already mentioned by Veltmann (e. g. 1968) .
However, for understandable reasons one may introduce a limitation in the present analysis, namely to assume β = i 2 where i is a positive integer. The case i = 0, though formally belongs to this limitation, is not of interest because of its triviality (constant density). Now, both the mass within a given radius and the surface density can be always obtained analytically. It should be emphasized here that Veltmann's comment concerning the divergence in the surface density for β ≤ 1 2 (Veltmann, 1979; 1981) is not acceptable. It follows from the integration of the space density over infinity in order to obtain the surface one. However, this is incorrect if β ≤ 3 2 because then, as already said above, the volume of the system must be limited in space lest the mass of the latter one be infinite.
Some particular cases concerning the value of i have been already used in the literature for the purpose of interpreting various stellar systems or classes of stellar systems as will be said below. On the other hand, the present model can be extended to comprise other kinds of symmetry as well. An example concerning the axial symmetry will be given below.
RESULTS

i) i = 2
As not difficult to see, for this particular case expression (1) becomes
(2) The resulting expressions are
for the surface density (r radius in projection), i. e.
for the mass within a given radius (cumulative mass). The presence of the second term in the surface-density formula (after arctan) is due to the fact that beyond r = r l the volume density is zero. If this were not the case, i. e. if the system were not limited in space, the second term, as easily seen, would yield π 2 . However, as already said above, this case (i = 2) does not admit an infinite volume because it would result in an infinite total mass. Once the cumulative-mass expression is given, it is easy to find the circular-velocity one with regard that to the circular-velocity square being equal to GM(r)/r (G is the universal constant of gravitaty). The circular-velocity behaviour for this case is such that it always increases, but the limiting value, when radius tends to infinity, is finite (of course, radius tending to infinity is rather a mathematical one since, as already said, radius cannot be infinite because of the total mass).
As well known, an expression of such kind has been most frequently used for the purpose of describing the mass distribution in dark coronae (or halos) of galaxies (e. g. Rohlfs and Kreitschmann 1981; Caldwell and Ostriker 1981) . A disadvantage of this formula may be the discontinuity at the boundary (r = r l ). However, it can be removed (e. g. Ninković 1988) by adding a constant term like this
It is clear that the new quantity K is a constant having the density dimensions. In this case the expressions for the surface density and the mass inside a given radius become somewhat altered. In both cases ρ(0) should be substituted by K and then one
Now expression (1) becomes
(3) The corresponding expression for the surface density is
The expression for the cumulative mass
A density expression of this kind is known as the modified Hubble-Reynolds formula (e. g. Binney and Tremaine 1987 -p. 39). The one for the surface density given there, as easily seen, emanates from that given here when r l tends to infinity. Of course, the present case (i = 3) does not also admit an infinite system volume for the same reasons as the previous one. It has been especially used in describing the mass distribution within the bulges of (spiral) galaxies (e. g. Caldwell and Ostriker, 1981 -their general considerations) .
The circular velocity increases till about 2.9 r c (of course, if this distance is within the system) where it has a maximum, to decrease beyond. As in the previous case for r ≥ r l the circular-velocity dependence on radius is that of point mass.
It is interesting to note that the mass distribution proposed by King (1962 -formulae (14), i. e. (27) and (29)) in the limiting case r l rc → ∞ takes the form of (3), i. e. that of the corresponding surfacedensity expression (in King's original text is used the name tidal radius -r t -instead of limiting radiushere r l ). Thus King's density formula appears as an "asymptotical case" of the generalised Schuster law, in particular β = 3 2 .
The form of expression (1) corresponding to this case is
It yields
for the surface density and the cumulative mass, respectively. As for the circular velocity, it increases till about 1.8 r c , to decrease afterwards.
This time the density can be integrated for the total mass to infinity without diverging since β > 3 2 , i. e. i > 3. As an example of application of expression (4) may be mentioned the case of globular clusters (Kostitsyn 1922; Kolkhidashvili 1977) . Such a result agrees well with the statement of Jeans (1916) according to which the density in the outer parts of globular clusters should decrease as r −4 . However, more recent studies of these stellar systems are in favour of King's formula which, as said above, appears as an asymptotical special case of (1) (i = 3).
On the other hand, the circumstance that the approximate density behaviour in the outer parts is ∝ r −4 offers some comparison possibilities. Recently, independently of each other, Dehnen (1993) and Tremaine et al. (1994) suggested a family of models with spherical symmetry and a particular density behaviour of
This family comprises, as special cases, the formulae proposed by Jaffe (1983 -η = 1) and Hernquist (1990 -η = 2). It should be mentioned that, independently of Jaffe, the same formula was also found by Kuzmin et al. (1986) . Both formulae -Jaffe's and Hernquist's -are to be applied to the elliptical galaxies (also to halos of galaxies), the latter one, as said above, approximates the de Vaucouleurs formula. If, therefore, assumed that such objects really follow a density law in which as an approximation for the outer parts appears r −4 , then in analogy with Dehnen (1993) and Tremaine et al. (1994) formula (4) can be also generalised to give rise to a family of the following form
Of special interest is the case when both α and β are integers and this will be treated further on. The case α = 1, β = 4 is in common with the family found by Dehnen (1993) , i. e. Tremaine et al. (1994) .
It should be emphasized that the formulae proposed by Jaffe and Hernquist yield the same total mass for the same values of the parameters -ρ(r c ) and r c , however the former one yields higher density values within r = r c whereas the latter one yields higher density values beyond r = r c . With regard to the fait that, for example, Tremaine et al. (1994) have already considered Jaffe's and Hernquist's formulae in the framework of the family proposed by themselves, it is interesting to consider the agreement between some of these two formulae with some (5) and Jaffe's formula. This case gives the best agreement of all cases from family (5) (including that in common with Dehnen (1993) , i. e. Tremaine et al. (1994) ) with Jaffe's formula. As for Hernquist's one, the best agreement is achieved with α = β = 2 - Fig. 2 . Of course, a good agreement can be looked for only beyond r = r c because Jaffe's and Hernquist's formulae contain central cusps reaching singularities at the centre. Due to this they always yield higher total masses than the comparison formulae emanating from (5) provided that the parameters r c and ρ(r c ) are equal. Therefore, except the central regions the corresponding formulae from family (5) -α = 4, β = 1 and α = β = 2 -yield satisfactory agreements with Jaffe's and Hernquist's formulae, respectively. However, the question of the central regions with all its details, for example, presence of a cusp in the case of an elliptical galaxy and and to what extent it is realistic (e. g. Tremaine et al. 1994 ) is beyond the scope of the present paper.
iv) An excursion towards axial symmetry
Let formula (4) be substituted for a moment by an analogous formula where instead of r one has a new argument q and a new constant a instead of r c . The former one is defined as
Here the geometry is spheroidal, i. e. the equidensit surfaces are concentric spheroids; is the axial ratio, R is the distance to the main axis (symmetry axis) and |z| is the distance to the main plane (that of symmetry). As well known, if were sufficiently small, this might correspond to the discs of spiral and lenticular galaxies (of course, assuming that their equidensit surfaces are spheroidal). It is also well known that for these discs most frequently one uses the exponential mass distribution -σ(R) = σ(0)exp(−αR), α = const (e. g. Freeman, 1970) . However, the corresponding formula for the space density cannot be obtained analytically. Recently, an analytical formula for the space density fitting the numerical solution (also for the case of spheroidal geometry) was proposed by the present author (Ninković, 1997) . However, the obtained formula is rather cumbersome. That formula describes the so-called reduced density ρ * , ρ * = ρ. On the other hand, it can be noticed that (4), now modified to yield the reduced density and with new designations (q and a), and the exponential law, mentioned above, yields the same total mass, clearly provided that σ(0) = π 2 ρ * (0)a and a = α −1 . This global agreement suggests to examine the corresponding local one. The surface-density formula emanating from (4), also modified so that instead ofr and r c one has now R and a (one deals with no projection to an arbitrary plane as in the spherical--symmetry case but with projecting to the main one!) with σ(0), as already mentioned, in the numerator is compared to the exponential surfacedensity formula. The corresponding agreement is presented in Fig. 3 . As seen from this Figure, the 
Fig. 3. The comparison between exponential law for the surface density (solid line) and the special case i = 4 of the generalised Schuster law applied to spheroids (dashed line); the unit for R is a, that for σ is σ(0).
agreement is satisfactory, except the very external parts where it is significantly worse. However, their contribution to the total mass is practically negligible. Thus the use of (4) can make much more easy the study of discs due to its simplicity (clearly in the framework of spheroidal assumption).
It is interesting to note that as early as 1965 Schmidt in his Milky-Way model assumed a spheroidal shell surrounding the disc and within which the density decreases following q −4 .
This case is the classical Schuster law. Its application in stellar astronomy has been already mentioned. However, it certaily deserves attention, above all, because it yields a very simple and very well known expression for the potential. This expression, together with the whole family emanating from it, has been rather frequently studied in the literature (e. g. Binney and Tremaine, 1987 -p. 42 ). The circular-velocity increase occurs till about 1.4 r c , afterwards it decreases.
On the other hand, as is not difficult to demonstrate, within the generalised Schuster law, namely, this case yields the most simple expression for the potential. This is for the reason that unless β = i 2 , the mass inside an arbitrary radius cannot be obtained analytically, whereas in the reverse case in the expression for M(r) one has for the integrand sin 2 ϕ cos i−4 ϕ where the argument ϕ is between 0 and arctan r rc . The most favourable situation is, of course, when i is 5. One should say that in this case, as well as for β = 0 (form. (1)), all solutions emanating from the density formula (cumulative mass, pressure from Euler equation) are in the form of purely algebraic functions. It is curious to note that these two cases are intersection between the present family and the polytrope one.
In view of this simplicity concerning the potential corresponding to Schuster's density formula one can try a generalisation. Let the following expression be written
Here Π is the potential, M is the total mass of the system, whereas a and b are two constants frequently called softening parameters (G see above). The corresponding expression for the density will be
Some special cases are of interest. For example a = b corresponds to the isochrone potential (e. g. Binney and Tremaine 1987 -p. 38 ). The case a = 0 corresponds to the classical Schuster density law (here i = 5). In the literature, especially that written by Anglo--Saxon authors, this potential is usually referred to as Plummer's one (e. g. Binney and Tremaine 1987 -p. 43 ). The reason, as already mentioned above, is that Plummer used the corresponding density formula for the purpose of fitting the star counts in globular clusters. Finally, if b = 0 and a = 0, one obtains Hernquist's density formula (Hernquist 1990) where the density is infinite at the centre unlike the cases b = 0. It is interesting to note that a further generalisation, for example
where n is a positive integer, n ≥ 2, would yield a density increasing in the central parts and, consequently, having a maximum displaced off the centre if n > 2.
DISCUSSION AND CONCLUSIONS
The generalised Schuster density law, examined in the present paper, has, undoubtedly, an ample applicability. The special case -β = i 2 (β exponent in denominator of (1)) being especially suitable from the mathematical point of view -can find various applications to different classes of stellar systems, i. e. subsystems. For example, the dark coronae may be considered as agreeing with i = 2 because in their outer parts the power--law approximation most frequently used is r −2 . On the other hand, the bulges may be considered as r −3 systems. This is true even for some cases where formulae different from (3) are used (e. g. Caldwell and Ostriker, 1981) . On the other hand, bearing in mind the usual application of King's (1962) formula to star clusters (especially globular ones) and to dwarf ellipsoidal galaxies and the fact indicated above that this formula is an asymptotical case of formula (3), one may also include these systems. It is interesting to note that for the open cluster Praesepe Bouvier (1962) found an agreement just with this particular case of the generalised Schuster density law (i = 3). Here one bears in mind Bouvier's interpretation of observational data (formulae (1)-(2) in that paper), not the discussion (section 5 of the same paper) where he, for some unclear reasons, assumed i = 2.
It is demonstrated here that the case i = 4 generalised towards the spheroidal geometry could be applicable to the discs of S galaxies. It could be also applicable to the halos of (spiral) galaxies and main bodies of ellipticals bearing in mind the origin of the de Vaucouleurs formula and its relationship with Hernquist's one, as well as the origin of Jaffe's formula. Here one should also mention the generalisation introduced by Dehnen (1993) , i. e. by Tremaine et al. (1994) . However, there are different halo interpretations leading to laws of the r −3 (e. g. van den Bergh, 1979) or r −3.5 (e. g. Harris 1976; Zinn 1985) types. By the way, according to the present author's recent paper (Ninković 1997) an r −3.5 distribution in the outer parts yields a better fit to the de Vaucouleurs formula than an r −4 one. The generalised Schuster law could be also applied to such cases comprising a new special case, namely β = i 4 , i, as earlier, being a positive integer.
The limit concerning the special case β = i 2 of the generalised Schuster law introduced here (i ≤ 5) might be thought realistic. Indeed, the corresponding potential, as already said above, acquires the most simple form -that of the point-mass potential with one softening parameter. As for stellar statistics, in favour is that the mass distribution in many stellar systems, as also mentioned above, have been successfully fitted by use of the generalised Schuster law, or similar laws, with β ≤ 5 2 . However, it must be said that there are results different from these. For example, for a number of open clusters Lohmann (1964; also his papers 1972 ) obtained values of β exceeding -r −8 ). Such a sharp decrease was also noticed by King (1962) in whose models it is interpreted through the density vanishing at a finite radius. However, as demonstrated above, King's density law can be incorporated asymptotically into the Schuster generalised density law, in particular into its special case β = Obra uje se jedan poseban sluqaj uopxtene Xusterove formule za gustinu u zvezdanim sistemima sa sfernom simetrijom; ovde je izlo ilac u imeniocu jednak i/2 gde je i pozitivan ceo broj. Posebna pa ǌa se posve uje situaciji 2 ≤ i ≤ 5 poxto su onda ukǉuqeni skoro svi pribli no sferni zvezdani sistemi i podsistemi za qije se postojaǌe zna -tj. tamne korone galaksija, centralni ovali i haloi spiralnih galaksija, kao i sistemi sa klasiqnom Xusterovom formulom za gustinu.
Sa odre enim poboǉxaǌima mogu se dobiti i xire varijante, na pr. gustina koja kontinualno dosti e nulu na konaqnom rastojaǌu, nexto razliqiti opisi raspodele mase, kao i uopxtavaǌa ka obrtnoj simetriji. Izme u ostalog, pokazuje se da sferoid sa ovom raspodelom mase (i = 4) ima istu ukupnu masu kao i eksponencijalni disk i da raspodela mase koju je predlo io King asimptotski pripada uopxtenoj Xusterovoj formuli za gustinu (i = 3).
